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Abstract 

The use of N=2 supersymmetry to calculate the matrix elements for the 
scattering of gluons and massless gluinos, at tree level in perturbative QCD, is 
discussed. Four, five and six particle processes are used as examples. 
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I. INTRODUCTION 

Calculations in perturbative QCD quickly become extremely complicated as the 

number of vertices increases in the Feynman diagrams. This occurs not only for loop 

calculations but also for tree level calculations. The reasons for this are the increase 

in the number of complicated three gluon vertices of QCD and the unphysical 

degrees of freedom which must be removed from the external particles in physical 

processes. Consider the amplitude for scattering of two gluons into three gluons. 

At the tree level, there are 25 Feynman diagrams contributing to this process, with 

each diagram giving - 63 terms. Thus, the amplitude involves thousands of terms 

which must be squared and then summed over the physical polarizations of the 

gluons. Such a calculation is only tractable using algebraic manipulation programs. 

In this paper, I show how N=2 supersymmctry’*r can be used to make such 

calculations considerably simpler. This is achieved by relating the gluon amplitudes 

to amplitudes involving scalar particles which have fewer three gluon vertices and, of 

course, scalar particles have no unphysical degrees of freedom. Using this idea, the 

matrix element is calculated for many four and five particle processes. In particular, 

the two gluon to three gluon amplitude is given in only six terms compared to the 

thousands using standard techiques. Finally, the two gluon to four gluon amplitude 

is discussed. 

II. SUPERSYMMMETRY REVISITED 

The particle content of N=2 Yang-Mills theories, consists of a gluon, two species 

of gluino and a complex scalar. On the mass shell, the gluon and each gluino 

have two helicities (fl) and the complex scalar also has two degrees of freedom, 

which for convenience will be refered to as helicity (ztl). To relate the creation or 

annihilation operators for these particles, two hermitan operators are formed from 

the usual generators of N=2 supersymmetry, Q”,, as follows 

Q”(v) = ri”QZ (1) 

where n is an arbitrary Majorana spinor. The commutation relations for this Q’(n) 

with the annihilation operators for the gluon (g*), the gluinos (X2,X:) and the 
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scalars ($*) are 

iQ”,s*l = F I-* A: 

where 

[Q”,X”,] = ‘f I- P*g+ T i r*c’*& 

[Q”,&] = f i rFPbXb, (2) 

r+(p,q) = (T(p,q))’ = ~5E(q~cosyYe’~~~ + q2sinfOe’812) (3) 

if the representations for the momentum, p, and 7 are 

p = E( 1 , sin&xx@ , sidsinp , COST) (4) 

v = (171 f rlz’ , 9; + 72 , -71 + 4 , -17; - 72). (5) 

Here, ~1 and 02 are just arbitrary complex numbers. 

These commutation relationships can be used to find relationships between dif- 

ferent processes in this theory. Consider the scattering of m particles into n particles. 

If supersymmetry is unbroken, Q”(q)\ ww >= 0, then the following identity holds 

for the creation and annihilation operators of these particles, 

0 = < vacl [Q” , amfl. ..~,+,a;. ..&] jvac > 

= < vacl [Q” ( am+l]am+*. .a,+,a\ . UI, lvac > + . 

+ < vacl amfl . . a,,,+n[Q” , a$:. . a!, jvac > + . . . (6) 

This equation contains relationships between various processes which are exact for 

N=2 Yang-Mills theories but only hold to tree level in QCD. One can see this by 

comparing the Feynman diagrams for both theories at tree level or by appealing to 

R symmetry. 

III. TWO TO TWO PROCESSES 

The first process I consider is the scattering of two gluons into two gluons. The 

commutator of Q” with g4-g3-gl+Xl+ leads to the following equation 

r: < 1 94-93-91+g;+ 1 > + r; < I gr-g34+G+ I > 

+ r; < 1 g4-x3-g;+x:+ 1 > + r; < j x4-d,xI+ 1 > = 0 (7) 
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where l?F = r*(pi,nj. Remember, l?+ depends on n,,ns and r- on n;,r~; and since 

each of these is arbitrary, eqn(7) is realiy four equations. One of these is simply 

< / gr+g;+gi+ I > = 0. (8) 

Similar manipulations also lead to 

< I Sr-S3+SI+SI+ I > = 0. (9) 

Finally, all the nonzero helicity amplitudes for this process can be obtained by 

crossings from 

M(Sl+,Y2+;93fr94+) = ei-h*sr ,V(,j If, kc; X3+, X4+) 

= e’~M(~1+,92+;~3+,$4+). (10) 

The phase factor eiB1z~~ accounts for the different spin statistics properties of the 

gluons and gluinos whereas ei* is an overall phase factor and is irrelevant. 

This result is now used to calculate the cross section for gluon gluon scattering 

using the N=2 Yang-Mills Lagrangian. 

-~g2(/“*‘Ci*~‘:)(/odrip”+O’) + /emion terms. (11) 

Scalar scalar scattering in this theory is very simple and it is easily shown that 

(1.2) 
M(41+,42+;43+,h.) = -2ig’ I=13 fz24 m + (3 * 4) (12) 

where (i . j) = (pi . pj). After squaring, and suitably summing and averaging over 

helicity and color, the well known result is obtained 

IM 1)P11~12 = ($“:, 13 - St/U= - tuj2 - us/t2] (13) 

where s, t and u are the Mandelstam variables. 

The next process to consider is gluino gluino production by gluon gluon fusion. 

Taking the commutator of &” with g4+gs+g:+X[+, gives 

r: c 1 gr+g3+d+gI+, I > - r2 < i gr+y3+G+4+ 1 > 
i r: < 1 g4+x3+g;+xI+ ~ B - r; i ! X4+y3+g:+,iI+ 1 > = 0. 
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The I+ terms give two equations in three unknowns, hence 

/M(h+,!?2+;X3+,94+)1 = 
/ ~ lM(91+,g2+;93+,g4+)l. 

1 (3 .4) 
(15) 

Again, after squaring and suitably summing and avervaging over helicity and color, 

gives the following 

IM m-d = (;::21) [tu(P + u”)(s’ + tZ + u2)/2t2u2]. (16) 

This agrees with DEQ3 for a massless gluino. 

IV. TWO TO THREE PROCESSES 

For the scattering of two gluons into three gluons: all helicity amplitudes are cross- 

ings of M(gl+, gr+; gs*, g,+, gs+) or are zero to tree level. Once again supersymmetry 

can be used to relate this amplitude to an amplitude involving scalars, 

IM(gl+,g2+;g3-trgr+,gs+)I = (1~2)*‘(4-5)~’ IM(~1+,~z+;g3-tr~~+,~s+)I. (17) 

The evaluation of the scalar amplitude is quite simple if one uses the polarization 

tensors, t,,(p~,p,,,) , of Xu, Zhang and Chang,’ where 

‘rpt: = It 
<m:n><3:n> 

J 2<m:3> (18) 

where p3 is the gluon momentum, pm is the reference momentum and < m : n > is 

the spinor inner product of the two momenta p, and p,. The only property of this 

product which is of interest to us here is 

<m:n>*<m:n> = 2(n*n). (19) 

The result for the scalar matrix element is 

M(~1,,~2+;93+,~,+,~5+) - 

fil” f3”4 fiZ5 

<1:2><4:5> 
< 1: 3 >< 3: 4 >< 2: 5 > 

+ LZY f3”5 f”l4 
<1:2><4:5> 

< 2 : 3 >< 3 : 5 >< 1: 4 > 

+ id4 f”25 f3YZ 
< 1: 2 >2< 4 : 5 > 

<1:3><2:3><1:4><2:5> 

+ (4 u 5) (20) 
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and eqn(17) can be used to get the purely gluonic matrix element. Note the simplic- 

ity of this expression! There are six independent color factors for this process and 

six terms in the final result. The linear independence of the color factors implies 

that each term is gauge independent and therefore each term can be evaluated with 

a different (convenient) reference momentum. 

The third and sixth terms in this expression are the only complications, a part 

from the color factors, caused by the non-abelian nature of the gluon. The rest is 

just scalar QED. Also, all denominators are, up to a phase factors, square roots of 

poles. Therefore the required cancellation of all double poles5 for the purely gluonic 

matrix element squared has been achieved at the matrix element level! 

The square of this expression is easy obtained and after summing over color 

indices gives 

lM(91+~92+~93+~g4+~95+)12 - (1.2)‘: (1.2)(2.3)(3t4)(4.5)(5, 1) (21) 

where CP is the sum over all permutations of 1 . . 5. After the appropriate sum 

and average of helicity and color, the final expression is 

IM m-ml = 240$?: 1@ -““IT (1.2)(2.3)(314)(4.5)(5.1)’ (22) 

Again the power of this method can be demonstrated by relating this result to 

that of the process of two gluons scattering into two massless gluinos and a gluon. 

The appropriate relationships can be obtained as before, 

IM(gl+,gz+;~3-,g4+.~5+)l = IM(g~+,gz+;g3-rgr+,g5+)I (23) 

lM(g~+,gz-;~3+,~4-,g~+)l = # IM(sl+,9*-;93frg4-rg5+)l. (24) 

The final result for this process is 

iMgpd2 = 20$y1) [ [ (1.4)71.5) f (1 H 2) + (1 H 3) ] + (4 @ 5) I 

&2)(2.3)(3:4)(4.5)(5+ (25) 

An interested reader can now enjoy calculating 1 MxA-~xA/~ in a similar manner. 
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V. TWOTOFOURPROCESSES 

In this section I consider the two gluon to four gluon process. Here I define all 

helicities as if all particles are incoming. Once again supersymmetry can be used 

to show that to tree level 

lM(91-,92-,93-,94-,Ss-,g6-)I = 0, (26) 

/~(91-~9~-~s3-,g4-,95-,9s*)l = 0, (27) 

IM(g~-,g~-rg3-.g4-rg~+,gs~)/ = z lM(g,-,dZ-,m3-,g4-,~5+,0s+)l, (28) 

and 

jM(g~-,gz-,g3-rg~+,gs+,g~+)l = SlZ + 323 + S13)2M(gl-,~2-,~3-,94+,~5+,~6+) 

- w=r4(~12 + s23 + s&J; + Psz - ;p: - ipi)M(X - 4 - 4 - x 1 , 2 t 3 9 4+r s+r 4 h+) 

- SM(P; +P; - ;P: - ;p~)‘M(~,-,~*-r~3-,~~+,~5+,~6+) I 

(29) 

where this last equation is given in the center of mass frame of particles 1 and 4. 

Unfortunately, a compact analytical result for this process has not yet been obtained 

but fast numerical program@ have been written which allow both experimentialists 

and theorists to study this process. It is worth noting that various checks can 

be applied to these programs especially permutation symmetry and the absence of 

double poles when two momenta are made parallel. 

Methods similar to that used in the two to three gluonic process might lead to a 

simple expression for the amplitude which can then be squared without producing 

an enormous number of terms. 

VI. DISCUSSIONS 

The use of supersymmetry is a powerful tool in reducing the complicated calcu- 

lations required when dealing with gluons in perturbative QCD. There are many 

areas one could extent the basic ideas of this paper. Can one include quarks into 
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this scheme? Yes.2J Are higher order calculations simplified by using the supersym- 

metry relations and subtracting out the extra graphs not found in ordinary QCD? 

What happens if you include masses which do not break supersymmetry? If they do 

break supersymmetry? How about extenting these ideas to the complete standard 
model. 

My collaborator, Tom Taylor, deserves special thanks for many discusions on 

the subject of this talk. I would also like to take this opportunity to thank my 

hosts, colleagues and friends in China for a very fruitful and stimulating visit to 

their magnificent country. 
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